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Abstract: This paper presents a novel numerical model for accurately integrating initial value problems of multi-order ordinary differential 
equations (ODEs) of first, second, and third orders. Chebyshev polynomials are employed as the basis functions, and the collocation 
technique is used to develop continuous schemes that are evaluated at selected points to formulate the proposed multi-order ODE solver, 
which is applied in a block-by-block manner. The convergence analysis is carried out to establish the zero-stability and consistency of the 
method. Comparisons with existing methods show the superior performance of the proposed method. The results indicate its ability to 
solve multi-order ODEs more effectively while reducing the computational cost. This work represents a significant advance in numerical 
integration for ODEs, providing improved accuracy and efficiency in solving a wide range of multi-order ODE problems. 
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1. Introduction 
This paper aims to develop a linear multistep method of the form  
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for the direct integration of ordinary differential equations (ODEs), where in (1) either of )(0 tσ and )(0 tβ do not vanish, 1)( =tsσ , 

0)( ≠tsβ and .1=s  

Our focus is on three distinct types of ordinary differential equations (ODEs), denoted Equation (2) in this paper. 
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Numerical methods have become essential tools for approximating solutions to differential equations, particularly for real-world problems 
whose analytical solutions do not exist (Adeyefa & Kuboye, 2020; Jator, 2010). As a result, there is a growing need for more efficient and 
accurate computational methods to solve such initial value ordinary differential equation (ODE) problems. 

Many authors have proposed different numerical methods for solving Equation (2a), as documented in Ajileye et al. (2018). Conventionally, 
the solutions of Equations (2b) and (2c) are obtained by reducing    and  into equivalent systems of first-order ODEs. However, this approach 
often increases computational time and effort (Henrichi, 1962; Lambert, 1973). In contrast, direct integration methods for Equation (2b) have 
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been proposed (Awoyemi, 1999; Fatunla, 1991; Koboye, 2015), employing self-starting numerical algorithms that remove the need for 
predictors. Equation (2c) has received considerable attention from researchers, leading to the development of various schemes (Allogmany, 
2020; Hussain, 2017; Olabode, 2009; Rufai, 2023, Duromola, 2022, Rufai et al., 2023, Rufai et al., 2024) for solving third-order ODEs. In 
addition, Ramos & Rufai (2021) introduced a one-step Lobatto-type hybrid block method incorporating a second derivative to obtain 
approximate solutions in an embedded-like form executed in adaptive mode, thereby improving the performance of higher-order block 
methods. 

Notably, a recent trend among scholars is the development of a unified scheme for solving equations of the form given in Equation (2). This 
emerging area of research has attracted the interest of many investigators. Matthew et al. (2024) formulated a single numerical method for 
the integration of first- and second-order ordinary differential equations. Adeyefa et al. (2020) proposed a method for the direct integration 
of second- and third-order ordinary differential equations. Abolarin et al. developed implicit hybrid block methods for solving second-, third, 
and fourth-order ordinary differential equations directly using power series. Given the elegant properties of Chebyshev polynomials, the 
proposed method employs them as basis functions. 

The main novelty of this work is the formulation of a two-step hybrid block method (THBM), a single numerical model that can efficiently 
and accurately handle first-, second-, and third-order ODEs. Section 2 sets out the formulation of the continuous algorithm that gives rise to 
the discrete method for solving Equation (2). The convergence analysis of the proposed method is presented in Section 3, followed by the 
results in Section 4. Finally, Section 5 provides concluding remarks. 

 

2. Development of Two-Step Hybrid Block Method (THBM)   
In this section, THBM is derived using the well-known Chebyshev polynomial of the first degree, given by 
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where rX  are the parameters of Chebyshev polynomials and rσ are unknown constants to be determined. The Chebyshev polynomials 

are chosen because of their elegant properties, such as an efficient even distribution of error that leads to rapid convergence, minimization 
of the maximum error, and economization of the power series.  

An interpolation of Equation (3) at point nxx =  and collocation of its 1st and 2nd derivatives at point vnxx +=  yields a system of 

equations. Thus, we have 
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where wnk + denotes the third derivative of Equation (3). 

The interpolation and collocation of (3) produce a system of equations represented as  

                        

















=

=

=

=

+
−
+

+

=

+
−
+

+

=

+
−
+

+

=

+

=

∑ +−

∑ −

∑

∑

wn
r

wn

s

r r

vn
r

vn

s

r r

vn
r

vn

s

r
r

n
r
n

s

r
r

kX

lX

mX

yX

rrr

rr

r

3
9

3

2
9

2

1
9

1

9

0

)23(

)(
23

2

σ

σ

σ

σ

   (4) 

where vnm +  is the first derivative of (3), vnl + is its second derivative, and s is the step number (s = 2). 

The proposed method is formulated by specifying parameters v  and w . Thus, 1,
8
5,

8
2,0=v  and 2=w . 

By solving the system of ten equations for s'σ using MAPLE and substituting the resulting values into Equation (3), the continuous implicit 
form of THBM is obtained as 
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which constitutes the proposed THBM. 
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3. Convergence Analysis of THBM 
The convergence analysis of THBM is presented in this section. The order, error constant, zero-stability, and consistency of THBM are all 
investigated. 
Error Constant of THBM  
The derived scheme belongs to the class of linear multistep methods of the form:  
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Theorem 3.1  

The local truncation error (LTE) of THBM is ).()( 11101010 hOxyhC n +  
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According to [16], Equation (8) is of order p  if 01210 ===== +pp  and 0≠+ jp . The 0≠+ jp  is called the 

error constant, and )( n
jpjp

jp xyh ++
+  is the principal local truncation error at the point nx . 

Thus, with further simplification of the above equation, the order of THBM is obtained as 7=p  with an error constant 

T





=

6816003136848054
91737810821,

49056005018956887
17950369,

4880584115404210206189
755007728798,

023226675204111529482
91677279185

10

. 

Zero-Stability of the THBM 
This property concerns the ability of the proposed numerical method to remain bounded and avoid the exponential growth of errors when 
applied to differential equations with zero initial conditions. 

Equation (7) is presented below in the form of column vectors in order to analyze the zero-stability of the scheme: 

( )Trεεε 1= ,  ( )Tjddd 1= ,  ( )Tjnnm yyy ++= 1 , ( ) ( )Tjnnm mmyM ++= 1  , ( ) ( )Tjnnm llyL ++= 1 , 

( ) ( )Tjnnm kkyK ++= 1 and matrices  )( ijaA =  ,  )( ijbB = . 

Thus, Equation (6) is presented as 
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where h  is the fixed mesh size within a block. 

In line with Equation (9),  
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Equation (10) is the first characteristic polynomial of THBM, given by  
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Substituting 0A  and  1A  in Equation (10) and solving for R , the values of R  are obtained as 0, 0, 0, and 1. 

According to Lambert (1991), the zero-stability of THBM is guaranteed since 1≤jR , 1=j is satisfied by 0)( =Rρ and the 

multiplicity of the roots with 1=jR  does not exceed three. 

Consistency of THBM 
By introducing the exact solution into the proposed THBM and requiring that the residual vanishes as the step size (h) approaches zero, the 
consistency of the model is examined. The order of consistency, established above to be seven, is determined by the rate at which the 
residual tends to zero. 

An LMM must be zero-stable and consistent in order to be convergent (Dahlquist, 1979). These properties confirm the convergence of THBM. 
 
4. Numerical Experiments 
In this section, the accuracy of THBM is examined using five test problems. Example 3, a second-order initial value problem (IVP), and Example 
4, a third-order IVP, presented in Adeyefa (2020) and Kuboye (2015), respectively, were solved using the Second- and Third-Order Model 
(STOM) and the Single-Order Model (SOM). Similarly, Examples 2 and 5, both third-order problems from Kuboye (2015), were solved using 
SOM. In addition, the solutions to these examples were obtained using the First-, Second-, and Third-Order Model (FSTOM) and the Third-
Order Integrator (TOI), respectively. Test Problem 1, a first-order epidemiological model, was solved in Adeyefa (2020) and Ajileye et al. 
(2018) using FSTOM and the First-Order Model (FOM), respectively. 

THBM is compared with all of these existing methods, and efficiency curves are presented for each problem. These curves plot the logarithm 
of the maximum error against the number of function evaluations. The comparative analysis and efficiency curves provide useful insights 
into the performance and accuracy of THBM relative to other numerical methods for the test problems considered. 

Test Problems (TP) 

TP 1: The epidemiological model known as the SIR model is considered here, where )(tS is the number of susceptible people, )(tI  is the 

number of people infected and )(tR  is the number of people who have recovered. It is given by the following three coupled equations: 
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where γµ, and β are positive parameters and y is defined as  

RISy ++=                             (iv) 

Adding Equations (i), (ii), and (iii), the evolution equation for y is obtained as 

)1(' yy −= µ          (v) 
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Taking µ and y as 0.5 each, the IVP 

1.0,5.0)0(,
2

1' ==
−

= hyyy                               (vi) 

whose exact solution is 

  ,
2
11)( 5.0 tety −−=                   (vii) 

is obtained. 

Table 1. TP 1 Errors Comparison 
X THBM [2] [3] 

0.1 1.497820E-08 1.0E-10 1.218026E-13 
0.2 2.849542E-08 1.0E-10 1.399991E-13 
0.3 4.065853E-08 1.0E-10 1.184941E-12 
0.4 5.156745E-08 2.0E-10 1.538991E-12 
0.5 6.131560E-08 3.0E-10 1.110001E-12 
0.6 6.999025E-08 3.0E-10 5.270229E-12 
0.7 7.767291E-08 2.0E-10 2.10898E-12 
0.8 8.443973E-08 3.0E-10 1.297895E-11 
0.9 9.036176E-08 3.0E-10 3.08229E-11 
1.0 9.550529E-08 2.0E-10 4.121925E-11 

 

 

Figure 1. Efficiency Curves for TP 1 

This problem is a first-order epidemiological model solved using FSTOM and FOM. The proposed THBM was also applied to TP1. Figure 1 
shows that the two existing methods are more accurate, but they cannot handle multi-order ODEs. 

 

TP 2: 1.0,2)0(,0)0(,1)0(,sin33

3

=−=′′=′== hyyyx
dx

yd
 

Analytical Solution: 2
2

cos3)(
2

−+=
xxxy  
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Table 2. TP 2 Errors Comparison 

x- values THBM [2] [14] 
0.1 1.070284E-19 2.000000E-010 6.370460E-13 
0.2 2.127975E-19 4.000000E-010 4.052980E-12 
0.3 3.162495E-19 2.000000E-010 1.009326E-11 
0.4 4.163510E-19 2.000000E-010 1.890366E-11 
0.5 5.121032E-19 9.000000E-010 3.033807E-11 
0.6 6.025481E-19 1.100000E-009 4.455258E-11 
0.7 6.867816E-19 1.500000E-009 5.987466E-11 
0.8 7.639632E-19 1.300000E-009 7.711903E-11 
0.9 8.333217E-19 1.500000E-009 9.618412E-11 
1.0 8.941628E-19 2.000000E-009 1.171654E-10 

 

 

Figure 2. Efficiency Curves for TP 2 

TP2 is a third-order IVP. Table 2 compares the errors of THBM with those of the existing methods (FSTOM and SOM), and the efficiency curve 
is displayed in Figure 2. THBM is clearly more accurate. 
 
TP 3 : 1.0,1)0(,0)0(, =−=′=′=′′ hyyyy  

True Solution: xexy −= 1)(  
 

Table 3. TP 3 Errors Comparison 

 
 
 
 
 
 
 
 
 

   


    


        

         

0.2 0.4 0.6 0.8 1.0
NFEs

18

16

14

12

10

8
Log10Error 

 THBM

 SOM

 FSTOM

x- values THBM [1] [14] 

0.1 2.649757E-10 2.095826E-10 2.508826E-13 
0.2 5.352775E-10 2.092718E-09 6.493175E-11 
0.3 8.109857E-10 7.842546E-09 1.683146E-09 
0.4 1.092181E-09 2.009500E-08 1.700635E-08 
0.5 1.378947E-09 4.199771E-08 1.025454E-07 
0.6 1.671367E-09 7.728842E-08 2.558711E-06 
0.7 1.969526E-09 1.303844E-07 5.273300E-06 
0.8 2.273509E-09 2.064839E-07 8.275935E-06 
0.9 2.583402E-09 3.116817E-07 1.161667E-05 
1.0 2.899296E-09 4.531001E-07 1.542187E-05 
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Figure 3. Efficiency Curves for TP 3 

 
TP3 is a second-order IVP. Table 3 compares the errors of THBM with those of the existing methods (STOM and SOM), and the efficiency 
curve is displayed in Figure 3. The superiority of THBM in terms of accuracy is clear. 
 

TP 4: 1.0,5)0('',1)0(',3)0(3

3

===== hzzze
dx

zd x
  

True Solution: 
xexxz ++= )1(2)( 2

  
 

Table 4. TP 4 Errors Comparison 
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        






 
    

         

0.2 0.4 0.6 0.8 1.0
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16
14
12
10
8
6

Log10Error 
 THBM

 SOM

 STOM

x- value THBM [1] [14] 

0.1 3.827E-20 8.881E-015 3.369E-12 
0.2 8.058E-20 3.552E-014 2.160E-11 
0.3 1.273E-19 8.304E-014 5.333E-11 
0.4 1.790E-19 1.527E-013 9.988E-11 
0.5 2.361E-19 2.460E-013 1.598E-10 
0.6 2.992E-19 3.668E-013 2.511E-10 
0.7 3.689E-19 5.178E-013 3.961E-10 
0.8 4.460E-19 7.025E-013 5.926E-10 
0.9 5.312E-19 9.254E-013 8.429E-10 
1.0 6.254E-19 1.187E-012 1.144E-09 
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Figure 4. Efficiency Curves for TP 4 

TP4 is a third-order IVP. Table 4 compares the errors of THBM with those of the existing methods (STOM and SOM), and Figure 4 shows the 
efficiency curve. THBM is again shown to be superior in terms of accuracy. 
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Table 5: TP 5 Errors Comparison 

x- values THBM [14]         [8]       
0.01 0.000000E+000 2.508826E-13 1.194048E-013 
0.02 0.000000E+000 6.493175E-11 4.086842E-013 
0.03 1.000000E-024 1.683146E-09 1.016689E-012 
0.04 0.000000E+000 1.700635E-08 2.139484E-012 
0.05 0.000000E+000 1.025454E-07 4.083580E-012 
0.06 1.000000E-024 2.558711E-06 7.350069E-012 
0.07 0.000000E+000 5.273300E-06 1.279204E-011 

 

 

Figure 5. Efficiency Curves for TP 5 

TP5 is a third-order IVP. Table 5 and Figure 5 show that THBM reproduces the exact results. 
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Discussion of Results  
Overall, Tables I to V display the numerical solutions obtained from the application of THBM.  
TP1 is a first-order ODE, TP3 is a second-order ODE, and TP2, TP4, and TP5 are third-order ODEs. THBM solved all of these test problems. 
Comparison with existing methods shows that THBM consistently delivers favorable performance, as it handles three different orders 
compared with the single order of the existing methods. Also, there is a reduction in error in the majority of the cases considered, with the 
exception of TP1, where the existing methods compared are more accurate but are limited to a single order. These tabular results provide 
strong evidence of the capabilities of THBM in solving first-, second-, and third-order ODEs. 

5. Conclusion 
This study focuses on the direct solution of first-, second-, and third-order ordinary differential equations (ODEs) using THBM. With its eighth-
order accuracy, THBM is shown to be consistent. Its capability to solve differential equations of various orders provides a significant 
advantage over existing numerical methods. Several ODEs of orders 1, 2, and 3 are used to illustrate the efficacy of the proposed 
methodology. The results, presented in Tables I to V, surpass those obtained by existing methods in terms of accuracy. This demonstrates 
the superior performance of THBM in tackling ODEs of multiple orders and supports its potential as an advanced numerical solver in various 
scientific and engineering applications. Although THBM cannot handle ODEs of orders higher than three, the approach can be extended to 
solve stiff IVPs and partial differential equations. 

6. References  
Adeyefa, E.O., Olajide, O.A., Akinola, L.S., Abolarin, O.E., Ibrahim, A.A. & Haruna, Y. (2020), On direct integration of second and third order 

ordinary differential equations, J. Eng. Appl. Sci. 15 1972-1976. 

Ajileye, G., Amoo, S.A. & Ogwumu, O.D. (2018), Hybrid block method algorithms for solution of first order initial value problems in ordinary 
differential equation, J. Appl. Comput. Math. 7 1-4. https://doi.org/10.4172/2168-9679.1000390. 

Allogmany, R. & Ismail F. (2020), Implicit three-point block numerical algorithm for solving third order initial value problem directly with 
applications, Math. 8 1771. doi:10.3390/math8101771. 

Awoyemi, D.O. (1999), A class of continuous linear multistep methods for general second-order initial value problems in ordinary differential 
equations, Intern. J. Comput. Math. 72 29-37. 

Dahlquist, G. (1979), Some properties of linear multistep and one leg method for ordinary differential equations. Department of comput. sci. 
Royal institute of tech., Stockholm 

Duromola, M.K., Momoh, A.L., Rufai, M.A. & Animasaun, L.L. (2022), Insight into 2-step  continuous block method for solving mixture 
model and SIR model, International  Journal of Computing Science and Mathematics, 14(4) 347-356. 

Fatunla, S.O. (1991), Block method for second-order initial value problem, Intern. J. Compt. Math. 41 55-63. 

Folaranmi, R.O.  Adeniyi, R.B. & Adeyefa, E.O. (2016), An orthogonal based self-starting numerical integrator for third order IVPs in ordinary 
differential equations, The Pacific J. Sci. Tech. 17 73 – 86. 

Henrichi, P. (1962), Discrete variable methods in ordinary differential equations, {\it John Wiley and Sons}, New York 

Hussain, K.A.  Ismail, F. Senu, N. & Rabiei, F. (2017), Fourth-order improved runge–kutta method for directly solving special third order 
ordinary differential equations, Iranian J. Sci.  Tech. 41 429-437.  DOI 10.1007/s40995-017-0258-1  

Ismail, F. Ken, Y.L. & Othman, M. (2009),  Explicit and implicit 3-point block methods for solving special second order ordinary differential 
equations directly, Intern. J.  Math. Analy. 3 239-254. 

Jator, S.N. (2010), Solving second order initial value problems by a hybrid multistep method without predictors, Appl. Math. Comput. 217 
4036–4046  

Kayode, S.J. & Adegboro, J.O. (2018), Predictor-corrector linear multistep method for direct solution of initial value problems of second order 
ordinary differential equations, Asian J. Phys.  Chem. Sci. 6  1-9. 

 



 

74 
 

DOI:https//doi.org/10.22452/mjs.vol45no2.7 
Malaysian Journal of Science 45(2): 62-74 (June 2026) 

Regular Issue Malaysian Journal of Science 

Kuboye, J.O. (2015), Block methods for direct solution of higher-order ordinary differential equations using interpolation and collocation 
approach, Ph.D. thesis, Universiti Utara Malaysia.. http://etd.uum.edu.my/id/eprint/5789.  

Lambert, J.D. (1991), Numerical methods for ordinary differential systems, John Willey and Sons New York.  

Lambert, J.D. (1973), Computational methods for ordinary differential equations, John Willey and Sons New York.  

Mohammed, U. & Adeniyi, R.B. (2014), Derivation of five-step block hybrid backward differential formulas through the continuous multi-step 
collocation for solving second order differential equation, Pacific J. Sci.  Tech. 15 89 – 95.  

Olabode, B.T. (2009), An accurate scheme by block method for the third-order ordinary differential equation, Pacific J. Sci. Tech. 10 136 – 
142.   

Ramos, H., Mehta, S. Vigo-Aguiar, J. A unified approach for the development of k-Step block Falkner-type methods for solving general second-
order initial-value problems in ordinary differential equations, J. Comput.  Appl. Math. Article in Press.   

Ramos, H. & Rufai, M.A. (2021) An adaptive one-point second derivative lobatto-type hybrid method for solving efficiently differential 
systems, Intern. J. Comput. Math. 1-19. DOI: 10.1080/00207160.2021.1999429. 

Rufai, M. A. Bruno, C. & Ramos, H. (2024), A new pair of block techniques for direct  integration of third-order singular IVPs, Applied 
Numerical Mathematics, 204, 222-231. 

Rufai, M. A. Bruno, C. & Ramos, H. (2023), A new hybrid block method for solving first- order differential system models in applied 
sciences and engineering, Fractal and  Fractional, 7(10), 703. 

Rufai, M. A. (2023), A variable step-size implementation of the hybrid Nyström method for  integrating Hamiltonian and stiff 
differential systems, Computational and Applied  Mathematics, 42, 156. 

http://etd.uum.edu.my/id/eprint/5789

